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1. INTRODUCTION

We derive the general solutions of the system (2.1) that contains arbitrary constants
subject to the conditions < 1, < 1,y <lora>1,6>1,y > 1.

Hyperbolic differential equations with singular coefficients or singular surfaces
possess importance in diverse areas of mathematical physics and mathematical en-
gineering, including elasticity, hydrodynamics, thermodynamics and other problems.
Furthermore, it is also well known that hyperbolic differential equations with one
or more singular lines occur in engineering and physical processes. For example,
the non-standard hyperbolic equation of second order with two singular lines is em-
ployed to describe the transformation spectrum of electric signals on long lines with
variable parameters in the theory of the electric flail [3,4,9].

The problem of obtaining the solutions of equations of hyperbolic type with singu-
lar coefficients is described in a number of works [1,3-5,9]. In [9], for the equation

PU &, U U
oA [ajw + %E] +g(x.1),
Jj=1 J
(here a; = const. > 0,n; = const. > 0) a representation of the solutions was ob-
tained by using the solutions of the corresponding regularity equation. On this basis
a solution of the Cauchy problem was received, when the boundary conditions are
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given on the ¢ = o surface. In [3], the equation

?U noU 3*°U  9°U

—t-— (5t =)= fx.y.0).

oz Yoo G Ty = /)
(in the case when n > O inregion x > 0,7 >0, —0co < y < 0o ) was solved
AU (x, y.1)
T |t=0: 0, U(O’y’l) = g(y’l)
Investigations of first and second order overdetermined systems with singular and
super-singular coefficients are described in [6, 10]. A study of a nonlinear system of
ordinary differential equations with singular and super-singular coefficient (in a case
which is connected to the theory of P-Laplacians and psedo-Laplacians) is described

in [8].

U(x,0) =0,

2. MAIN RESULTS
Let D be the following region: D = {0 <x <A1, 0 < y < A5}, which is bounded
by
INn={0<x<i;,y=0}, ©IHh={&x=0,0<y<Az}.
In the region D we consider the following system:

oulx,y) |, ai1(x,y) dulx,y) |, bi(x,y) dulx,y) |, c1(x,y) _ Six,y)
aaxay + blyﬁ dx + 1x°‘ ay + ,lcozyﬁ M()C,y) - )]cayﬁ 2.1)
uga;,y) + 25}?;,J/)u(x,y) — fzgg/,y)

where the coefficients a1 (x, y), b; (x,y), c1(x,y), fj(x,y), j =1, 2, are given func-
tions in the domain D. Moreover & = const. > 0, B =const.>0, y =const. > 0.

2.1. Thecaseofa <1, <1,y <1.

We first determine an integral representation of the solution of the given system
in the case when the coefficients of the first equation are related together in a certain
way. Then we investigate the case when the coefficients of the first equation of system
(2.1) are not related to each other.

LetC yl (D) denote the set functions which are continuous on D together with their
derivatives with respect to the variable y.

We always assume that b (x,y) € Cy1 (D) and that the coefficients a1 (x, y),
b1(x,y), ba(x,y), c1(x,y) are continuous functions in the domain D.

According to [9], the first equation of system (2.1) can be written in the following
form

(aiJr al(XBaY))(i_i_ bl(xa,y))u(x,y) _ f1(x,y)+Cz(3;,y)u(x,y)7 2.2)
y y 0x X X%y
where 3%

c2(x,y) = yﬂM +ai(x,y)-bi(x,y)—ci(x,y).

dy
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2.1.1. The case of ca(x,y) =0

Suppose that the functions a1 (x, y), b1(x,y) and ¢1(x, y) of the system (2.1) sat-
isfy the following relation

B db1(x,y)

8 +a1(xvy)'bl(x’y)
y

Cl(x’)’) =)

forall (x,y) € D.
Under this condition, the first equation of (2.1) can be written in the following

form: 0 axy) ) bixy) fi.y)
ay(x.y 1(x.y _ filx.y
Gy " e = i

The solution of this equation is

X

u(x,y) = exp[—£2; (x,y)][wl(y)Jr/O exp[2f (1.y) = 2F, (1. 9)]- (1 (1) +

y
+/0 expl 28, (1,9)]-17%s7P - f1(1.5)ds)dt] = Kilg1(x), ¥1(»), i (x, )],
2.3)

where ¢1(x) and ¥1(y) are arbitrary continuous functions belonging to the class
C1(I1) and C(I), respectively. In fact, these functions will be determined in the
sequel,

T bi(t.y) Y ai(x,s)
g = [ 25 Pan efwn = [ 50

Now, we write the second equation of (2.1) in the following form:
0 _
a—[exp[ﬂg2 (e, )] -u(x, )] = expl[2, (x. )y fa(x, ), 24
y

where

ds.

Y by(x,s)
Ql};z(x’y):/(; SV

By plugging u(x, y) from (2.3) into (2.4) we obtain

X

0
@{CXP[QZZ(x,y) — 25 e Y1 () +/0 exp[2f (t.y) — 28 (. »)]- (@1 () +

y
+ /0 exp[R4, (1,9t s 7P fi(t,5)ds)d1]} = fo(x,y)y ™7 expl2), (x,y)].
(2.5)
Suppose that the functions b; (x, y) and b, (x, y) satisfy the following relation

yyabl(x,y) _ @ dba(x, y)

2.6
dy ax (2.6)
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By differentiating and using the relation (2.6) , the equality (2.5) can be expressed
in the form

b b
Yn(y)+ 2(yo;y)wl(y)=fz(x,y)y_y-exp[{zgl(x,y)]_ 200.7)

yl’

X y
: /0 expl28, (1. ) — 28, (1. )] (o1 (0) + /0 expl2F (1,5)] s f1(¢,5)ds)di—
X y
- / 5 AexpIS2] (1) = 24, . ] (1 () + f expl @l (1.9 fit.5)ds)dt
o 0Yy 0
Since the left hand side does not depend on x, we have
d 0
3 200 00y expla2E, (v )] = 5o {explS2y, (x. ) = 24, (2. )- (01 () +
y
+ /0 exp[28 (x.9)]x ™57 fi1(x.5)ds)} = b(0.y)y ™7 exp[2f, (x.y) — 2F (x.y)]

y
.(g[)l(x)—‘r/(; f:xp[.Qa‘Bl (x.9)]x %578 fi(x,5)ds).

2.7)
or in a simpler form

dfa(x, -
RO ) fa(e ) = (Ba ) —ar ()7 expl-2f, (3. )

y
[x%1(x) + /0 exp[2F (x.5)ls™? fi(x.5)ds]+ f1(x.y)y" P (x,y) € D,

(2.8)
Making use of (2.7), we can define {1 (y) by the following ordinary differential
equation

y y

According to [6,9], the solution of this equation is represented by the following form

y
1) = expl= 21, 0IIC + [~ expl2], 015 £20.9)ds),

2.9
where C is an arbitrary constant.

From expression (2.8), the function x¥¢1 (x) can be expressed in the form

a 9f2(x,y) _ y—>B
1 (x) = x* 22522+ b(x, ) fa(x, y) — fi(x,y)y expl2f (x. )]
ba(x,y)—ay(x,y)y?=h “

y
- /0 expl28. (. 9)]s™ fi(x.)ds, (ba(x,y) # a1(x, 7)y" ).

(2.10)
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We note that the left part of this expression is independent of the variable y, so we
have
9 x 2B 4y (x,y) fo(x,y) = filx,y)y? P p
{ 3 -exp[£25, (x, )]} =
ba(x,y)—ai(x,y)yr~ (2.11)
= eXP[Qf1 P filx,y).

By using (2.11) and assuming that the following limit exists,

XaafZ(x’y) +b1(x y)fz(x y) fl(x J’)yy p
. 0B = Fi(x
)}m%){ bar.y) —a1(x.y)y7~ B XP[ al(x,y)]} 1((2)1,2)

the function ¢ (x) can be determined by the following formula:
p1(x) = Fi(x)x™% a<l1, Fi(x)eC(). (2.13)
In the particular case of y = 8, if y — 0, then

x¢ B0 4 by (x,0) f(x,0) — f1(x,0)

p1(x) = x%] br(x,0)—aj(x,0) ]

from equality (2.10).
After simplification, condition (2.11) can be written in the following form:

9 f2(x,y)

Xba(x,y) —ai(x,y)y? P
dxdy

+{a1(yxﬁ’ Y) [b2(x,y) —a1(x,y)y? Plxo—

0
o lba(e,y) —ar(rpy? P
y x

y—ﬂ] f2;-;’y)+

b1(x,y)[ba(x,y)—ai(x,y)y

AT ) () = 5.y )=

d
bl(x’y)g[bZ()ﬁy)_al(x’y)yy_ﬁ]+

) D )

y_,g]aflgx,w s

+[b2(xvy)_a1(x’y)y

=y Plba(x,y) —ar(x.y)y

+{[ba(x,y) —ai(x,y)y? P12y~P
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ai(x, - - -0
+ l(ﬁy)[bZ(x,y)_al(xay)yy .B]yy ﬂ—yy ﬂa—[bZ(X,y)_
y Y

—a1(x, ) P (r =By P ba(x,y) —an (e )Y TP AL (x ), (214
where (x,y) € D.

In what the follows, C)%y(D) will denote the set of all functions u(x, y) that are
continuous on D together with their first derivatives, and ux, € C(D).
Henceforth, we have the following conclusion:

Theorem 1. Leta < 1,8 <1,y < 1 in system (2.1), and assume that the coeffi-
cients and right hand sides of this system satisfy the following conditions:

1) a1(x,y),b2(x,y), f2(x,y) € C{ (D), b1(x,y), fi(x,y) € C; (D), fa(x,y) €
Cry(D), 5 [ba(x, y) —ar(x,y)yY Pl e C(D),

2) c1(x,y) = yPHED fay (x,y) b (x, ),

3) y? 3b18(;,y) " Bbza(;c,y),

4) The functions f1(x,y) and f>(x,y) satisfy conditions (2.8), (2.1.1),

5) The limit (2.12) exists.

Then the desired solution of system (2.1) of class C fy (D) is determined by (2.3),
in which @1(x) which is determined by formula (2.13), where the value of ¥1(y) is
defined by formula (2.9), provided that C is an arbitrary constant.

Example 1. Assume thatin 2.1) ¢ < 1,8 < 1,y < 1,8 =y and the coefficients
are constants, moreover, suppose that the right parts are defined by the following
functions:

f1(x,y) = x*exp[brwa (x) +arwg(y)],
f2(x,y) = xexplbrwy (x) +a1wg (V)] E(y).
where
1

C()a()C) = m

1
E(y)=1—(ba—apwg(y), wg(y)= B—1)yp-1’

Then the function of the form

u(x,y) = cexplbrwy (y) +br1wa (x)] —xwg(y)explaiwg (y) + b1we(x)]

is the solution of system (2.1), where ¢ is an arbitrary constant .

2.1.2. ¢ca(x,y)#0

Suppose that the functions a1 (x, y), b1(x, y) , c1(x, y) satisfy the following rela-
tion
bi(x.y)

d
c1(x,y) aéyﬂTm(x,y)-bl(x,y), (2.15)
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for all (x, y) € D in the system (2.1).

In this case, the first equation of system (2.1), can be represented in the form (2.2).
We denote f3(x,y) = fi1(x,y)+ca(x,y)u(x,y) where f3(x,y) is a given function.
Then the solution of equation (2.2) can be written as

M(X,Y)ZKl[‘Pl(x),Wl()’)’fz'(x’y)]- (2.16)

Using these items that are dependent on u(x, y), we obtain the following integral
equation:

x y
uCro)= [ o [ lexpl2g, (1.) = 2, (v + 26, 0.9~ 28, @)

ca(t,s
20D ut.s)ds = Kilir (0. 9100, i L
In fact, the problem of finding the solution of the overdetermined system (2.1), in the
caseof ¢ < 1, 8 < 1, y < 1, is reduced to the solution of a two dimensional Volterra
integral equation with two weak singular lines in the kernel (2.17).
According to [7, 1 1], the solution of the integral equation (2.17) can be represented
in the following form

2.17)

u(x,y) = Kifo1(x), ¥1(). f1(x, y)]+
x y
/ dl/ I(x,y:t,8)Kilp1(0). ¥1(s), f1(2,5)]ds
0 0

= T1,1lp1(x), Y1 (), f1(x, y)], (2.18)

where I'(x, y;t,s) is the resolvent of the integral equation (2.17).
We now return to the problem of finding the arbitrary functions ¢1(x),¥1(y). We
repeat the scheme of 2.1.1 in the case when y = B, and y — 0. We obtain

x@ 2D 4y (x,0) f2(x,0) — f1(x.0) — c2(x.0)u(x,0)

#1(0) =7 b2(x.0) — a1 (x.0) b1
(b2(x.0) £ a1 (x.0),
1) = el @, ONC + [ ewl2f, 0.0l 7 0ds] 220
y10) = .
(.0 = expl-25, (0N O+ [ explaf, Ol . 221

By substituting the value of ¢1 (x) from (2.19) into (2.21), we obtain the following
one dimensional Volterra type integral equation:
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x o o c2(2,0)u(t,0) dr ou
u()c,0)+/0 exp[.le(t,O)—.le(x,O)]-bz(t’O)_al(t,O)l—a_exp[ 2y, (x,0)]

x . 12250 4 by (2,0) £(,0) — f1(2.0) dt
0+ el @l b2(1.0)— a1 (1.0) e @22

Take a new unknown function
W(x) = u(x,0)exp[£2; (x,0)]. (2.23)

Then it follows that the integral equation (2.22) can be represented in the following
form

Yoo, 00W() dt

W+ o b2(1,0)—ay(t,0) 1%

dt =E(x),a <1, (2.24)

where

x 1@ 22080 4 by (1,0) £2(1,0) - f1(1.0)_ d1
E(x)z{%(OH/o Pl . Ol S~ .0) I

and @ < 1. According to [2], the solution of equation (2.24) is given by the following
formula

W = £~ [ el 1.0~ Wa .0l 2 B = TEW)

where

_ c2(x,0) o A1)
c3(x) = Dy 0) —a;1(x.0) WC3(x,O) —/0 " dt.

Using formula (2.23), the solution of integral equation (2.22) can be written as
u(x,0) = exp[—£2; (x,0)T2[E(x)].
By substituting the value of u(x,0) into (2.19), we obtain the value of ¢ (x):
p1(x) =
x50 4y (x,0) f2(x,0) — f1(x,0) — c2(x.,0) exp[— 25 (x,0)] T2[E(x)]

by (x,0) —ai(x,0) ’
(2.25)
Then we substitute the values of ¢1(x), ¥1(y) which were obtained from (2.1.2) and
(2.20), respectively, in formula (2.17).
Henceforth, we deduce the following conclusion

x7Y
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Theorem 2. Leta < 1,8 < 1,y <1,y = B in system (2.1). Assume the fol-
lowings: the coefficients and right hand sides of this system satisfies the conditions:
1, 3, 5, from theorem 1, and c2(x,y) # 0. Moreover, suppose that the functions

f1(x,y), fa(x,y) satisfy the following conditions:
(1)

+b1(x,y)f2(x,y)
= (b2(x, ) —a1(x,»)y? ) exp[- W, (x, y)][x%¢1 (x)+
+/y exp[.Qﬂ (x,s)]s_'B
0 a@

{f1(x,8) +c2(x,8)T1,1[e1(x), ¥1(¥), f1(x, )]} ds]+
P LA ) + 2 ) Tl (), ¥ (), f1 (L 0],

W)
ax

)

x¥[ba(x, y) —ar(x,y)y"~ ﬂ]w

O (1) an (eI 2 o)
y y

0fax, 0
—ar(ry B bt ) —an ey 1

d
{al(yxﬂ’ y)bl(x,y)[bz(x,y) —ay(x.y)y" P —bl(x,y)—[bz(x,y) —ai(x,y)y

0b
Hbar ) —an(x, )y y)}f2< )

=yy—ﬂ[bz(x,y)—a1(x,y)yy A
0
@[fl(x’J’) +ca(x,y)-Tiale1(x), ¥1(y), fi(x, )]+

{b2(x.y) —a1(x. )y PPy ~F + %

.[bz(x,y) —al(x’y)yy_ﬂ]y)/—ﬂ

9
—yy_ﬂ@[bz(x,y) —a1(x, )y P14 (y - By’ P!

[ba(x,y) —ar(x, )y PBLA G ) + 26, ) T alen (), 1 (0), f1 (e )]

V—ﬂ]

Then the desired solution of system (2.1) in the class C)%y (D) is determined by
(2.3), in which ¢1(x) is defined by (2.1.2) and 1 (y) is determined by formula (2.20)

, where Cis an arbitrary constant.
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2.2. The case of b1(x,y) € Cyl(ﬁ),a >1L,g>1,y>1.

Insystem (2.1)leta > 1, 8 > 1,y > 1,c2(x, y) = 0. By repeating the method that
was explained in section 2.1.1, we obtain the following result:

Theorem 3. Let o > 1, B > 1, y > 1, in system (2.1) and assume that the coef-
ficients and right hand sides of this system satisfy the conditions 1, 2, 3 of Theorem
1. Suppose also that a1(0,0) > 0, b1(0,0) > 0, b2(0,0) > 0. Moreover, assume the
existence of the following limits:

x@ P20 4y (x,3) ol ) = fi(x, )y 7P
by(x,y)—ay(x,y)yr=P
exp[Wa’gl (x,y)—a1(0,0)wg (¥)]},

Ex(y) = lim (exp[—b1 (0. 0)wa ()] f2(x. ).
where E1(x) € C(I'), E2(y) € C(I2).

Besides, suppose that the functions f1(x,y), f2(x,y) satisfy the condition (2.11)
and it is also true that

Ei(x) = lim{
y—0

a ,
x“% by ) fa(x.y)

= (b2(x.y) —a1(x.y)yY ) expla;(0.00wg (y) — WP (x.y)]
(x%2(x) + /0 ’ exp[W/ (x,5) —a1(0,0)wp ()]s fi(x,s)ds) + f1(x,y)y" P,

(x,y) €D, p2(x) = Ey(x)x %, a>1, B> 1.
Moreover, assume that the functions, ai(x,y), b1(x,y), ba(x,y) in he neighbor-
hoods I'y and I satisfy the following conditions:

1b1(x,y)—b1(0,0)| < H1x%, S3>a—1, at x—0;
la1(x,y) —a1(0,0)| < Hay%, 84>B—1, at y—0;

ba(x,y) —b2(0,0)] < H3x%5, §s>y—1, ar y—0;
Then the desired solution of system (2.1) in the class C )%y (D) is determined by:

u(x,y) = exp[~Wy: (x, ) +b1(0,0)wa () {¥2(y)+
+ /0 exp[W (1.) —b1(0.0)aq (1) +a1(0.0)wp () — WE (¢. )] - (g2 (1) +
Yy
+ / exp[W/ (t,5)—a1(0,0)wp ()]t *s™P - fi(t,5)ds)dt.} (2.26)
0

where

Y2(y) = exp[b2(0.0)wy (y) = Wy (0, »)]IC
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+/yexp[Wby2(0,s)—b2(0,O)a)y(s)]s_”Ez(s)ds],
0

(here C is an arbitrary constant), and

() -5 0,0) V(.5 a1 0,0)
Wb‘f(x,y)=/o 1 s =t Waﬁi(x,y)zfo - 7 s,
Wb);(X,Y):

Y by(x.5) — b2(0,0) o o
Jy B ) = G ) =

Remark 2. The integral representation (3) also satisfies the system (2.1) when
b»(0,0) < 0,a1(0,0) < 0,51(0,0) < 0, and the functions E»(y), E1(x) are such
that £,(0) =0, £1(0) = 0, and they have the following asymptotic behaviors:

Ex(y) = 0[exp[—b2(0,0)|w, ()]y*1], 81 >y—1, as y—0,

El(x)=O[exp[—|b1((),0)|a)a(x)]~x52], Sy<a—1, as x—0.

Moreover, the function f7(x, y) satisfies that f1(x,0) =0, f1(0, y) =0, and it has
the following asymptotic behavior:

f1(x,y) = Ofexp[—|a1(0,0)|wg (»)]-y 4], y -0,

f1(x,y) = 0[exp[—|b1 (0,0)|wg (x)]-x7%3],  x — 0.

Remark 1. If the coefficients of system (2.1) satisfy all of the conditions of The-
orem 3, then the solution of the system (2.1) is unbounded in Iy, I, and its behavior
is determined by the following asymptotic conditions:

u(x,y) = Olexp(b1(0,0)wy (x))] at x — 0,
and
u(x,y) = Olexp(b2(0,0)w, (y))]aty =0, (y >B or y =8, b(0,0) >a;(0,0)).

Remark 2. For all possible cases of the parameters «, § and y, integral represent-
ations of the solutions of the system (2.1) are obtained not only in the case when

c1(x,y) = yﬂal’%;’y) +ai(x,y)-b1(x,y), but also when cq(x,y) # yﬁab%;’y) +
al(x,y)'bl(x’)’)'
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